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Abstract
We discuss the concept of cloaking for elastic impedance tomography, in which,
we seek information on the elasticity tensor of an elastic medium from the knowl-
edge of measurements on its boundary. We derive some theoretical results illus-
trated by some numerical simulations.
1 Introduction
A number of papers have studied the properties of the transformed Navier equations
[1, 2, 3] in the context of cloaking [4, 5] in the past few years. Such mathematical models
are known from researchers working in the context of electric impedance tomography
[6, 7, 8, 9], wherein a region of space is cloaked with respect to sensing if its contents, and
the surrounding cloak, are inaccessible to conductivity measurements. Fortunately, the
conductivity equation is isomorphic to the acoustic equation, hence acoustic cloaking
[10, 11] in the context of tomography can be straightforwardly envisioned. However,
for medical imaging applications [12] whereby shear and pressure waves are inherently
coupled when propagating within a human body, we need to translate the work of
[6, 7, 8, 9] in the language of elastic impedance tomography. In a homogeneous linear
elastic material with fourth order constitutive tensor C, the partial differential equation
(PDE) for elastostatics, reads
∇. (C : (∇u)) = ∇.σ = 0, (1)
where σ := C : ∇u is the stress tensor. This relates the displacement field u and its
gradient to the stress tensor σ. From boundary measurement, the PDE (1) gives rise to
the Dirichlet-to-Neumann map
ΛC : u|∂Ω 7→ (C : ∇u) .n|∂Ω (2)
∗Aix-Marseille Universite´, CNRS, Institut Fresnel, Ecole Centrale Marseille, 13013 Marseille, France
E-mail: andre.diatta@fresnel.fr; sebastien.guenneau@fresnel.fr
1
ar
X
iv
:1
30
6.
46
47
v1
  [
ph
ys
ics
.ge
o-
ph
]  
19
 Ju
n 2
01
3
which relates the displacement field to the gradient traction on the boundary ∂Ω of
a bounded domain ∂Ω in Rn. Here and throughout this note, n is the outward unit
normal to ∂Ω. The results within this paper apply to any bounded (open) domain in
Rn, n ≥ 2, but for simplicity and without lost of generality, we will take Ω to be a ball
when n ≥ 3 (resp. a disc, for n = 2) of radius R, so its boundary is the sphere (resp.
circle) ∂Ω = S(0, R).
2 Main theoretical results
Elastic impedance tomography seeks information on the elasticity tensor C of a
medium occupying a region Ω, from the knowledge of u on the boundary ∂Ω of Ω.
In an isotropic homogeneous elastic media, the general Hooke’s law reads
σ = σ1 = λI(∇.u) + µ(∇u + (∇u)T ) (3)
where λ and µ are Lame´ constants (e.g.we could have λ = 2.3 and µ = 1 for a Poisson
ratio close to 0.35), and I is the second order unit tensor.
2.1 The construction of (C : ∇u).n
Let Ω be a bounded open subset of Rn, n = 2 or 3. We let H1(Ω) stand for the
Hilbert space of vector fields w in Ω such that w ∈ (L2(Ω))n and ∇w ∈ (L2(Ω))n×n.
We denote by H
1
2 (∂Ω), the space of vector fields f on the boundary ∂Ω of Ω, which are
traces w|∂Ω = f of some element w of H1(Ω).
For a vector field u such that C : ∇u ∈ (L2(Ω))n×n and ∇.(C : ∇u) ∈ (L2(Ω))n, we
define the linear functional
Xu(f) :=
∫
Ω
[(C : ∇u) : ∇w + (∇.(C : ∇u)).w]dx, (4)
for every f ∈ H 12 (∂Ω), where w is some element of H1(Ω) satisfying w|∂Ω = f . As can
be seen easily, Xu is well defined, for the right-hand side of (4) is the same irrespective
whether we use w or w′ to write it, as long as w and w′ coincide on the boundary ∂Ω.
If C is an element of (L∞(Ω))n4 and u is smooth enough, then Xu is simply
Xu(f) =
∫
∂Ω
((C : ∇u).n) .w dx (5)
Now from Cauchy-Schwarz’ inequality, there is some constant C0 > 0 such that |Xu(f)| ≤
C0||f ||H 12 (∂Ω). Hence,Xu is continuous. ThusXu is an element of the dualH−
1
2 (∂Ω) of the
space H
1
2 (∂Ω). From the Riesz representation theorem, there exists some f0 ∈ H 12 (∂Ω)
such that Xu(f) = 〈f0, f〉H 12 (∂Ω) for every f ∈ H
1
2 (∂Ω).
By definition, we write (C : ∇u) .n|∂Ω := f0. We have proved the following
Lemma 2.1. For any vector field u such that C : ∇u ∈ (L2(Ω))n×n and ∇.(C : ∇u) ∈
(L2(Ω))n, the trace (C : ∇u) .n|∂Ω exists and is in H 12 (∂Ω).
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Notice that solutions u of Eq. (1) only need to satisfy C : ∇u ∈ (L2(Ω))n×n. The
definition of (C : ∇u) .n|∂Ω does not depend on the choice of u, but only on the trace
f = u|∂Ω, we simply write ΛC(f) = (C : ∇u) .n|∂Ω.
2.2 The invariance by change of variable
If M and N are two n× n matrix (second order tensor) fields, with n = 2, or 3, we
set 〈M,N〉 := Trace (MNT ) ,
so that
〈C : ∇u,∇v〉 = Trace ((C : ∇u)(∇v)T ) = ∑
i
(
(C : ∇u)(∇v)T )
ii
= (C : ∇u) : ∇v. (6)
We denote by aC the following bilinear form acting on vector fields
aC(u,v) =
∫
Ω
〈C : ∇u,∇v〉dx =
∫
Ω
(C : ∇u) : ∇v dx (7)
Using integration by parts, we have
aC(u,u) =
∫
∂Ω
((C : ∇u).n) .u dx−
∫
Ω
(∇.(C : ∇u)) .u dx (8)
So, if u˜ is a solution of Eq. (1), we then have aC(u˜, u˜) =
∫
∂Ω
((C : ∇u˜).n) .u˜ dx. If,
in addition, u˜|∂Ω = f , we end up having
aC(u˜, u˜) =
∫
∂Ω
((C : ∇u˜).n) .u˜ dx =
∫
∂Ω
fΛC(f)dx (9)
Now we introduce an orientation preserving, smooth and invertible map F (x) = y ,
on Ω, such that F (x) = x for every x ∈ ∂Ω. Then, we can rewrite aC(u,v) as
aC(u,v) =
∫
F (Ω)
(CF : ∇yu) : ∇yv dy, (10)
where CF is the elasticity tensor of the transformed media F (Ω), obtained from C via
F, with components
CFijkl =
(
det(
dy
dx
)
)−1∑
p,q
∂yi
∂xp
∂yk
∂xq
Cpjql (11)
Hence for any f ∈ H 12 (∂Ω), we chose a solution u˜ of Eq. (1) satisfying u˜|∂Ω = f , so
that ∫
∂Ω
fΛC(f)dx = aC(u˜, u˜) = aCF (u˜, u˜) =
∫
∂Ω
fΛCF (f)dx. (12)
Thus we have proved the following property
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Lemma 2.2. The linear operator Λ is invariant under change of coordinates leaving
∂Ω pointwise invariant. That is, the quadratic forms ΛC and ΛCF on the vector space
H
1
2 (∂Ω), coincide.
Remark : In a way similar to what happens in electric impedance tomography [8, 9],
if F (x) = x at ∂Ω, then the boundary measurements associated with C and CF are
identical (the change of variable does not affect the Dirichlet data.)
2.3 Ordering elasticity tensors, Dirichlet data and discussions
Using formula (3), we can write in the isotropic homogeneous case, if u belongs to
[C1(Ω)]
n
,
∇.σ1 = (λ+ µ)∇(∇.u) + µ∆u = (λ+ µ)grad(div u) + µ∆u (13)
Remark that for any two elasticity tensors, say C1 and C2, that are not necessarily
isotropic nor homogeneous, in Ω, if for every second order tensor ξ, we have
(C1 : ξ) : ξ ≤ (C2 : ξ) : ξ, then ΛC1(f) ≤ ΛC2(f), (14)
for all f in Hˆ
1
2 (∂Ω).
Due to the equality (in the case where C is isotropic homogeneous)
(C : ξ) : ξ′ = (λ+ 2µ)
∑
i
ξiiξ
′
ii + λ
∑
i<j
(
ξiiξ
′
jj + ξjjξ
′
ii
)
+ µ
∑
i<j
[
ξij(ξ
′
ij + ξ
′
ji) + ξji(ξ
′
ij + ξ
′
ji)
]
, (15)
we have (C : ξ) : ξ′ = 0, for all tensors ξ of order 2, whenever ξ′ is a skew-symmetric
tensor of order 2. Hence, we may only consider symmetric tensors of order 2. Moreover,
if µ = 0, then as a quadratic form on the space of symmetric tensors of order 2, C
becomes degenerate and has for kernel, the space of traceless symmetric tensors. More
precisely, we have (C : ξ) : ξ = λ (Trace(ξ))2 . If µ > 0, then C is non-degenerate (resp.
definite positive) on the space of symmetric tensors of order 2, if and only if nλ+ 2µ is
nonzero (resp. positive.)
Lemma 2.3. If C1 and C2 are two isotropic and homogeneous elasticity tensors in
Ω ⊂ Rn , with Lame´ coefficients λi and µi, i = 1, 2, respectively. Then (C1 : ξ) :
ξ ≤ (C2 : ξ) : ξ for every second order symmetric tensor ξ in Rn, if and only if
nλ1 + 2µ1 ≤ nλ2 + 2µ2 and µ1 ≤ µ2.
Proof. For a symmetric tensor ξ of order 2; we write (Ck : ξ) : ξ as
(Ck : ξ) : ξ =
1
n
(nλk + 2µk)
(
n∑
i=1
ξii
)2
+ 4µk
∑
0≤i<j≤n
ξ2ij +
2µk
n
∑
0≤i<j≤n
(ξii − ξjj)2 , (16)
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and hence
(C2 : ξ) : ξ − (C1 : ξ) : ξ = 1
n
(nλ2 + 2µ2 − (nλ1 + 2µ1))
(∑
i
ξii
)2
+ 4(µ2 − µ1)
∑
i<j
ξ2ij +
2
n
(µ2 − µ1)
∑
i<j
(ξii − ξjj)2 . (17)
Of course, the condition λ1 ≤ λ2 and µ1 ≤ µ2, is sufficient for (C1 : ξ) : ξ ≤
(C2 : ξ) : ξ to hold true for every second order symmetric tensor ξ. But it is not
necessary! For example, in dimension n = 2, we could choose 1.3 = λ1 > λ2 = 1.2 and
1 = µ1 < µ2 = 1.5, but yet we have 4.6 = 2λ1 + 2µ1 < 2λ2 + 2µ2 = 5.4 and hence, the
above inequality is still true for all symmetric ξ.
Lemma 2.4. If C is the elasticity tensor of an isotropic homogeneous medium occupying
the bounded domain Ω ⊂ Rn, with Lame´ Coefficients λ and µ, then, for every symmetric
tensor ξ of order 2, we have
C1(λ, µ)||ξ||2 ≤ (C : ξ) : ξ ≤ C2(λ, µ)||ξ||2, (18)
where the constants C1(λ, µ) and C2(λ, µ) are C1(λ, µ) := min{nλ+2µ, 2µ} and C2(λ, µ) =
sup{nλ+ 2µ, 2µ}.
Proof. Let ξ be a symmetric tensor of order 2, we can write ||ξ||2 as
||ξ||2 = 1
n
(∑
i
ξii
)2
+ 2
∑
i<j
ξ2ij +
1
n
∑
i<j
(ξii − ξjj)2 , (19)
so using Eq. (16), we get C1(λ, µ)||ξ||2 ≤ (C : ξ) : ξ ≤ C2(λ, µ)||ξ||2.
From now on, we will mostly be assuming that for the elasticity tensors C(x), there
are two positive constants C1 and C2 such C1||ξ||2 ≤ (C(x) : ξ) : ξ ≤ C2||ξ||2 for all
symmetric tensor ξ of order 2 on Rn . So the solution to Eq. (1), together with some
boundary conditions, is well defined and unique.
Now we look for two isotropic homogeneous elasticity tensors with Lame´ coefficients
large enough (resp. small enough) in order to apply Inequality (14) and Lemma 2.3 to
bound from above (resp. below) any given elasticity tensor that might be non-isotropic
and non-homogeneous. Let us now consider the special case of isotropic homogeneous
elasticity tensors with Lame´ coefficients, say λ′ and µ′, satisfying λ′ = aµ′ ≥ 0, where
a is a number. Without lost of generality, we take a = 2. We let Cλ′ stand for the
corresponding elasticity tensor, so C0 will correspond to case λ′ = 0. In this scheme, the
Poisson coefficient ν := λ
2(λ+µ)
will be equal to 1/3. We also have
(Cλ′ : ξ) : ξ = λ′||ξ||2 + λ′
(
n∑
i=1
ξii
)2
≥ λ′||ξ||2. (20)
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So from Lemma 2.3, for any isotropic homogeneous elasticity tensor C with Lame´ coef-
ficients λ, µ, we will always have
0 = (C0 : ξ) : ξ ≤ (C : ξ) : ξ ≤ (Cλ′ : ξ) : ξ (21)
as long as λ′ ≥ max{nλ + 2µ, 2µ} and nλ + 2µ ≥ 0. More generally, for any (not
necessarily isotropic homogeneous) elasticity tensor C˜, such that (C˜ : ξ) : ξ is bounded,
with nonnegative lower bound, for all symmetric ξ, we can choose some large enough λ′
so that inequality (21) still hold for C˜. Inequality (14) then implies that
Λ0 − ΛC ≤ ΛC˜ − ΛC ≤ ΛCλ′ − ΛC (22)
as long as λ′ is sufficiently large, where Λ0,ΛC,ΛC˜, and ΛCλ′ are regarded as linear
operators on H
1
2 (∂Ω).
2.4 Inclusions and cloaking
In this section, we consider an isotropic homogeneous elastic medium, say, the ball
Ω := B(x0, R2) of radius R2 centred at some point x0, as above. For convenience, we will
take x0 to be the origin of coordinates, x0 = 0 and R2 = 2. The elasticity tensor on Ω is
C, with corresponding Lame´ coefficients λ and µ. For some ρ > 0, we let Bρ = B(0, ρ)
stand for the ball (disc for n = 2) of radius ρ centred at x0 = 0 . Let Cρ be some elasticity
tensor in Bρ = B(0, ρ). The tensor Cρ might be anything, e.g. fully anisotropic and non-
homogeneous. For a given tensor C, we call ΩCρ,C the ball Ω := B(x0, R2) filled with an
elastic medium with elasticity tensor ACρ,C defined by
ACρ,C =
{
C in Ω \Bρ
Cρ in Bρ
(23)
In all what follows, we assume that Cρ is such that ACρ,C is positif definite and bounded.
When C is isotropic homogeneous with Lame´ coefficients λ, µ and Cρ is of the type
Cλ′ , as in (20), we simply write A(λ, µ, λ′) instead of ACλ′ ,C, namely
A(λ;µ, λ′) =
{
C in Ω \Bρ
Cλ′ in Bρ
(24)
For a given f on H
1
2 (∂Ω), we let uCρ,C stand for the solution to the boundary value
problem ∇. (ACρ,C : ∇uCρ,C) = 0 in Ω with uCρ,C = f on ∂Ω.
From now on, we fix C and suppose it is isotropic homogeneous with Lame´ coefficients
λ, µ.
In practice, for the case Cρ = Cλ′ and when λ′ = 0, uC0,C will then be the solution
to (λ + µ)grad(div uC0,C) + µ∆uC0,C in Ω \ Bρ with (C : ∇uC0,C) .n = 0 on ∂Bρ and
uC0,C = f on ∂Ω.
We define
ΛCρ,Cf :=
(
(ACρ,C : ∇uCρ,C).n
) |∂Ω (25)
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Equation (22) implies in particular that, for any bounded Cρ, we have the following
ΛC0,C − ΛC ≤ ΛCρ,C − ΛC ≤ ΛCλ′ ,C − ΛC (26)
as long as λ′ is sufficiently large.
This means that we only need to control ||ΛC0,C − ΛC|| and ||ΛCλ′ ,C − ΛC||.
Figure 1: Schematic picture: (a) the domain Ω = B(0, R2), R2 = 2, with isotropic
homogeneous elasticity tensor C in Ω \Bρ and Cλ′ in Bρ. The solution to Equation (1)
is uCλ′ ,C and the Dirichlet to Neumann map is denoted by ΛCλ′ ,C. When λ → 0, we
end up with (b) Ω with a spherical (circular, in 2D) hole of radius ρ in its center and
boundary conditions are (C : ∇uC0,C).n = 0, where uC0,C is the solution to (1). In (d)
the domain Ω is made of an annulus R1 ≤ ||y|| ≤ R2 (circular ring, in 2D) in which
the elasticity tensor CF is obtained from the isotropic homogeneous C by the change of
coordinates F ; and the ball (resp. disc) B(0, R1) of radius R1 = 1, in which we put any
tensor C′(y). In (e) the medium is isotropic homogeneous, with tensor C.
We have the following
Proposition 2.1. There exist positive constants C(λ, µ) and C ′(λ, µ) such that
||ΛC0,C − ΛC|| ≤ C(λ, µ)ρn and ||ΛCλ′ ,C − ΛC|| ≤ C ′(λ, µ)ρn (27)
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when ρ is sufficiently small
Proof. The proof is an adaptation of Proposition 1 in p.12 of [9] to the elastostatic case.
The complete derivation will be published elsewhere [14].
Consider an elastic medium occupying a ball Ω = B2 := B(0, R2) of radius R2 about
the origin, with elastic tensor A¯C′,CF of the form
A¯C′,CF (y) =
{
C′(y) if y ∈ B1 = B(0, R1)
CF1 (y), if y ∈ B2 \B1. (28)
The tensor C′(y) is arbitrary (as above, we suppose it is such that A¯C′,CF (y) positive
definite on symmetric tensors of order 2 and bounded) and it is the tensor in the region
B1 to be cloaked. We assume there are two positive constants C1 and C2 such C1||ξ||2 ≤
(A¯C′,CF1 : ξ) : ξ ≤ C2||ξ||2 for all symmetric tensor ξ of order 2 on Rn . (Hence the solution
to Eq. (1), together with some boundary conditions, is well defined and unique.) The
tensor C1 is isotropic homogeneous with Lame´ coefficients λ1 and µ1.
Below, we would like to show that the boundary measurements at ∂Ω are nearly the
same as those in the situation where we have replaced C by another tensor which is
everywhere equal to C1 inside the whole ball Ω, so it becomes an isotropic homogeneous
medium. Let us call Λ1 the Dirichlet-to-Neumann map corresponding to the latter sit-
uation, i.e. the boundary measurements for an isotropic homogeneous elastic medium
occupying Ω, with constitutive tensor everywhere equal to C1 inside the whole ball Ω.
As seen in Section 2.2, we have the equality
ΛC′,CF1 = ΛC′F−1 ,C1 . (29)
That is, the measurements at ∂Ω are the same, when Ω is occupied by two different
media with tensors A¯C′,CF1 and AC′F−1 ,C1 , respectively. Where ΛC′F−1 ,C1 is the Dirichlet
to Neumann map corresponding to the elasticity tensor
AC′F−1 ,C1(y) =
{
(C′)F−1(y) if y ∈ Bρ
C1, if y ∈ B2 \Bρ (30)
Thus taking Cρ = (C′)F
−1
and C = C1 in Inequality (26), we can apply it to ΛCρ,C1−
Λ1 followed by Proposition 2.1, in order to control by a factor of ρ
n, the deviation
||ΛC′,CF1 − Λ1|| = ||ΛC′F−1 ,C1 − Λ1||.
Definition 2.1. With the same notations as above, we say that the ball (disc, in 2D)
B1 := B(0, R1) is nearly cloaked by CF1 if there exists a positive constant C, such that
for any elasticity tensor C ′ in B1, we have
||ΛC′F−1 ,C1 − Λ1|| ≤ Cρn, (31)
for some positive constant C.
Taking F to be, for instance,
F (x) =
{
x
ρ
if ||x|| ≤ ρ(
R1 +
R2−R1
R2−ρ (||x|| − ρ)
)
x
||x|| , if ρ ≤ ||x|| ≤ R2
(32)
where R2 = 2 and R1 = 1, we have proved the following
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Theorem 2.1. Consider an elastic medium occupying the shell B2 \ B1 and having
elasticity tensor CF1 , obtained from C1 using the transformation F given in (32). If ρ is
small enough, then B1 is nearly cloaked by CF1 .
3 Numerical illustration with finite elements
Let us show numerically that one can realize some cloaking as described in proposi-
tion 2.1 with finite elements. We setup the numerical model using the weak form of (1)
with nodal elements. The forcing term f has a support on the boundary of a disc, as
shown in Figure 2. The effect of near cloaking is obvious.
Figure 2: 2D plots of magnitude of elastic field | u |=
√
u21 + u
2
2 within a circular domain
of radius 2m with a normalized forced field f = (1, 1) on its outer boundary: (a) Domain
with a stress-free circular hole (radius 0.2m surrounded by a cloak (inner radius 0.2m
and outer radius 0.4m); (b) Same as (a) with saturated color scale; (c) Domain with no
hole; (d) Domain with a stress-free circular hole (radius 0.2m). Note the much reduced
range for values in the color scales between (d) and (b). Plots in (a), (b) and (c) are
nearly identical, which is the effect of cloaking in elastic impedance tomography.
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4 Conclusion
In this article, we have introduced the concept of cloaking for elastic impedance
tomography. Some proposition has been derived which states that boundary measure-
ments on a region encompassing an elastic medium with and without a cloak nearly
coincide. Some numerical results are in agreement with this proposition.We hope this
work will foster theoretical and numerical effort towards a better understanding of zero
and all frequencies elastic cloaking.
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